Some beam-loading problems are investigated for the proposed LAMPF II synchrotron main ring and booster. Estimations for the feedback control requirements to reduce the power consumption, by accelerating protons beyond the Robinson stability limit, are provided. The results indicate that it is technically feasible to realize this kind of power-saving idea.
I. INTRODUCTION
The current design of LAMPF II calls for two synchrotrons: a rapid-cycling 60-Hz, 9-GeV booster that feeds a 6-Hz, 45-GeV main ring. The booster will deliver 2 pulses in 10 to the main ring and the other 8 pulses to a neutrino production facility. The booster may also operate in a 30-Hz, 12-GeV mode when it is not supplying beam to the main ring. Figure 1 schematically shows the time-dependence cf average circulating beam current.
Actually, the circulating beam in the booster consists of 120 bunches containing up to 1.73 x 10 protons with the head and tail of the bunch train separated by 12 empty rf buckets (harmonic number h = 132). The main ring contains 240 bunches with two 12-bucket gaDs. The main ring is filled in two booster pulses, each with about 2.2-us injection time. For about 16.7 ms, the main rinq is only half filled. We will show below that the empty buckets have a minor effect on the rf-system, but the transient caused by the halffi 1 lad main ring will require either fast feedback on the rf-power supply or some feedforward control.
The main concern of this report is the stabilization of the synchrotron motion of the beam by means of feedback in the face of the Robinson instability caused by heavy beam loading of the rf-cavities. 1 Griffin 2 has shown that feedback stabilization will work, but great care must be taken in the design of the feedback system. Griffin has also shown that the Robinson stability criterion is equivalent to requiring that the ratio Pp of power delivered to the beam to power dissipated in the cavities be less than one. 2 For reasons of efficiency and economics, it is desired to operate with P R >_ 1. This requires feedback stabilization.
We have analyzed the LAMPF II synchrotrons using the methods similar to those in Refs. 3-6, but with somewhat different feedback functions. To explain our notation and to make this report relatively self-contained, we have rederived the key equations. In the figures at the end of the report, the final results are shown, along with the input parameters for LAMPF II and the resulting feedback parameters that give reasonable stabilization. The feedback system has not been optimized.
Section II describes the beam-cavity interaction. Section III treats the injection and slow extraction part of the cycle when the rf cavities are acting simply as bunchers. The transient effects from gaps in the beam structure are discussed. Section IV deals with the acceleration phase, the feedback circuit models, and an example of the calculational results. Section V summarizes our conclusions. >
II. THEORETICAL MODEL OF BEAM-CAVITY INTERACTION
The analysis of beam-cavity interaction discussed here will be based on the equivalent circuit model for a cavity driven near resonance. In this model, a cavity is envisioned as a parallel RLC circuit with a tunable inductor; the applied rf power source and the circulating beam current are envisioned as current sources i and i. , respectively. The schematic is shown in Fig. 2 . 
2 where j = -1 , a) is the frequency of the driving rf power, and
For synchronization, the rf frequency is chosen according to the relation co = hw r , where co is the revolution frequency of protons and h is-the harmonic number. It should be noted here that during acceleration, to is actually a function of time. When deriving Eqs. (4) and (5), we have neglected the terms containing to to avoid complexity. Also, in Eq. (3) we have introduced the phasor notation, that is, a symbol above a tilde (~) will represent a complex quantity, and the magnitude of a phasor will be represented by the same symbol without the -.
Using the further approximations, a « w, V « 10V, and \ « ml, Eq. (4) can be further simplified to
The relations among these phasors are shown in represent the angles of V and I relative to I., respectively. Systems operating above (n < 0) and below (n > 0} the transition are separately shown in Fig. 3 (a) and Fig. 3(b) . The quantity n. is defined as where y is the relativistic gamma and 7 t is the transition gamma. For the system under consideration, the phasors will oscillate about their steady states; therefore, we denote A , A , and A. as the angular deviations of V, I , and 1f rom their steady states. We also introduce the synchronous angle between the total voltage and the beam current \|> , as shown in Fig. 3 .
Using the above defined notation, we can write the phasors in polar form as the following: 
where the approximation of (a + $2 =2 2u> has been used. One can prove that when t^v = i|> , the system will be in tune; that is, the rf source will see a "real" impedance. In this case, Eqs. The subsequent analysis will always assume that the system is in tune.
The equations of beam motion, which describe the synchrotron oscillation of proton bunches, can be written as , E Q is the total energy of a synchronous proton, and AE is the energy deviation from E . Using Eqs. (11)-(14) or equations similar to them, Robinson derived a criterion for the beam-cavity system to be stable. 
where < J > , the detuning angle of cavities, is defined as
We note that for stable particle orbits, we need ft >^ w for r\ > 0 and ft £ w for T\ < 0.
Ill-INJECTION AND EXTRACTION
For both the booster and the main ring during injection and extraction, the rf field is needed to bunch protons. Therefore the rf frequency should be constant while the resonant frequency of cavities and the phase angles have to satisfy the following conditions:
and fi > w for n > 0 ,
(ii) 41 = Ti , 41 = v| > = IT/2, and fi < u) for n < 0 .
By requiring <j >. = $ = 4> v = 0 in Eqs. (11) and (12), we can
, and (17)
The Robinson stability criterion can be restated as where I , <j > , V, I b , and n are all functions of time.
If V is constant and one wants the minimum rf-power consumption, one can take d> = 0 and g 1^1 «-r -( 2 o) g provided that ft can be tuned quickly enough to follow the varying beam current.
In the booster, the beam current will rise and fall linearly during the injection and the slow extraction. If a ramping of total voltage is desired in these periods, then Eqs. (17)- (20) can be used as a guide to proqramming the rf power and cavity tuning.
The beam-loading problem during the injection into the main ring is a little more complicated than into the booster. First, the step jump of the beam current requires fast tunability of either the rf power or the resonant frequency of cavities. Second, the transient effects caused by the empty buckets, which will occupy one-half the ring, need some kind of servo system to maintain the proper bunching voltage and Dhase relation. A similar, but more serious, transient beam-loading problem has been solved at Fermi lab, 7 where a feedback system has been implemented and is functioning satisfactorily. The same kind of control system could be adopted for LAMPF II.
We now provide a crude estimation of the transient beam-loading effects. From Eq. (2) in the previous section, one can show that the voltage response of the parallel RLC circuit to a step jump of the driving current 
IV. ACCELERATION
The most serious problem in the acceleration stage of LAMPF II is that both the booster and the main ring require substantial rf power. The Robinson stability criterion says that the power dissipated in the cavities should be greater than the power delivered to the beam for the system to be stable. 2 A design based on this criterion will require an unacceptable amount of rf power for acceleration. An alternative approach is to operate the booster and the main ring beyond the stability limit nf the Robinson criterion and to use a feedback scheme similar to the one that has been demonstrated at Fermilab. 7 Theoretical support for the feedback stabilization of an rf system has been previously documented. 3 " 6 In the following, we shall carry out a similar analysis for the parameter range of LAMPF II by using a simplified . feedback model.
To start the analysis, we assume that I5 will be a constant and the voltage will have a small error, v, which is much smaller than the steady-state cavity voltage V . We also assume that the generator current I will contain is the steady-state condition. Substituting the above relations into Eqs. (11)-P4) and linearizing these equations yield 
36-d) . (36-e)
When there is a small perturbation on the generator current (£, <j> ), Eq. (35) relates the cavity voltage deviation v and the phase difference between the generator and beam currents, <|> -<|>. , to that perturbation.
A block diagram of the proposed feedback system is shown in Fig. 4 . The open-loop transfer matrix for the feedback circuit is 
where I is the two-by-two unit matrix. To have a set of nontrivial solutions for these coupled equations, we require that det(I -GH) = 0
(41)
We therefore have the following characteristic equation:
This is a six-order algebraic equation. For the system to be stable, all six roots of Eq. (42) must have negative real parts. Thus, to achieve the feedback stabilizations, we need to find the values of A , A,, P , and P so that all v <p v <p solutions to the above equation will have negative real parts. It seems there is no simple way to do it. One could start with some assumed initial values for the dc qains and bandwidths, then vary these parameters and inspect the roots of Eq. (42) to locate a reasonable working region in the parameter space.
As an example, we shall consider a possible design for the booster of LAMPF II. The values of the relevant parameters are listed in Table I . Because the rf parameters of the main ring and the booster are in the same range and because the purpose of the current study is to provide an estimation only, we shall not consider the main ring here. . Without the feedback, Eq. (42) reduces to D = 0, which has four roots. For the numbers tabulated in Table I, 
V. CONCLUSIONS
We have pointed out some of the beam-loading problems for LAMPF II. The important ones are the transient effects in the injection period of the main ring and the power consumption in the acceleration stage. Both of these prob-••ems can be solved by implementing proper feedforward and feedback controls, according to James Griffin of Fermi 1ab.
An estimation of the feedback control requirements for achieving the acceleration of protons in the range of power ratio greater than one is provided. The analysis is based on the equivalent circuit model for the beam-cavity system. The feedback control study is limited to the linear regime. For simplicity, we have neglected the variation of revolution frequency caused by the acceleration. Also, we have not attempted to optimize the feedback design in this study. The results of this simple estimation show that there will be no technical difficulty in reaching the goal of a power ratio greater than one in LAMPF II.
